Abstract. Suppose that d > 1 is the largest power of two that divides the order of a finite quasigroup Q. It then follows that each automorphism of Q must contain a cycle of length not divisible by d in its disjoint cycle decomposition. The proof is obtained by considering the action induced by the automorphism on a certain orientable surface originally described in a more restricted context by Norton and Stein.
Introduction
For an automorphism of a finite quasigroup (or Latin square) Q, the multiset of cycle lengths in the disjoint cycle decomposition of the automorphism is called the cycle structure of the automorphism. It is then natural to pose the following question:
Given a positive integer n, what are the possible cycle structures of automorphisms of quasigroups of order n? The question was addressed in [2] for small values of n and in [1] for the special case of automorphisms having only one nontrivial cycle. The general case remains unsolved, but in this paper we use methods from algebraic topology to resolve some of the more difficult cases.
Algebraic topology normally proceeds by a functorial association of algebraic objects to topological spaces. We reverse this procedure in §2 by constructing an orientable surface S Q for each finite quasigroup Q, such that the association Q → S Q is functorial (Theorem 2.3). In §3 we endow the surface with the structure of a CW-complex. This clarifies and extends a construction of Norton and Stein [6] that was limited to the case of idempotent quasigroups.
Using our construction, we present a somewhat simplified proof of a result of Stein [ In §4, we state and prove our main result, which depends on a lemma established in §5. The proof of the lemma uses a monodromy technique dating back to Nielsen [5] . The main result is as follows: Some indication of the scope of this result is obtained by considering Falcón's description [2] of the possible cycle structures of autotopies of quasigroups Q with |Q| ≤ 11. In that work, three potential cycle structures of automorphisms could only be ruled out by an exhaustive computer search. These were 2 3 (i.e., a cycle structure consisting of three disjoint transpositions) for quasigroups of order 6, and 6 1 4 1 and 2 5 for quasigroups of order 10. All these cases are now forbidden by Theorem 4.2 (with l = 1).
Construction of the Norton-Stein surface
Let Q be a quasigroup of order n. Then Q is determined by its (ternary) multiplication table
For each triple t = (a, b, c) in T Q , construct an equilateral triangle whose vertices will be labeled a, b, and c, circumnavigating the triangle in the counter-clockwise direction, and whose edges will be labeled (a,
The disjoint union of these n 2 triangles forms a topological space, a subspace of the Euclidean plane, which we will denote by P Q . Note that by definition, each triangle contains three distinct edges, even though the vertex labels a, b, and c may not all be distinct. An edge with a label of the form (a, a) i will be called a degenerate edge, while the triangle corresponding to a triple of the form (a, a, a) will be called a degenerate triangle. The corresponding space P Q is shown in Figure 2 . If n > 0 there will be many vertices of P Q with the same label. However, the quasigroup condition ensures that for each a, b ∈ Q and i ∈ {0, 1, 2} there is a unique edge with the label (a, b) i . Likewise, there is a unique edge with the label (b, a) i . Thus for each a, b, and i we may define a function (the so-called pasting map) which maps the edge (a, b) i isometrically onto the edge (b, a) i , the image proceeding clockwise as we proceed counter-clockwise in the domain, so that the vertex labeled a is mapped onto the other vertex labeled a, and the vertex labeled b is mapped onto the other vertex labeled b. If we identify points which correspond under the pasting map, then we obtain a topological quotient space of P Q which we call the Norton-Stein surface of Q and denote by S Q .
We will omit the proof that S Q is a (usually disconnected) surface, since this fact is well known for spaces constructed by pasting polygons together in such a manner (see, e.g., [4] ). The only issue here is that, in the case of a degenerate edge (a, a) i , the edge is pasted onto itself with opposite orientation. Topologically, this simply collapses a triangle into a digon formed by the two remaining edges (see Figure 3) .
A degenerate triangle (a, a, a) collapses further from a digon into a sphere. (See Figure 4 , where the process is broken down into two steps.) The resulting quotient space will still be a surface.
Since the edges come in pairs which have opposite orientation under the pasting maps, it follows that the Norton-Stein surface is orientable (again see, e.g., [4] for details).
Example 2.2.
For Q the cyclic group of order 3, Figure 5 shows the space resulting from P Q after applying enough pasting maps so that the space falls into 3 closed 
The Norton-Stein complex and some applications
We now give S Q the structure of a CW-complex. The 0-cells are defined to be the images of the vertices of P Q . The 1-cells are the images of the nondegenerate edges, and a 2-cell is given by the image of the interior of a triangle of P Q together with any degenerate edges of the triangle. With this added structure, we call S Q the Norton-Stein complex of Q.
We assign the same labels to the 0-cells of S Q as the corresponding vertices of P Q . This is well-defined since only vertices with the same label are identified by the pasting maps. Given a nondegenerate edge (a, b) i of P Q , we assign the label {a, b} i to the corresponding 1-cell in S Q . Note that if n > 0, S Q will not be a simplicial complex, since it is possible that two distinct 2-cells may be incident with the same three 0-cells, and some 2-cells will be incident with only two 0-cells and 1-cells (if the corresponding triangle contains a degenerate edge). In the case of a degenerate triangle (a, a, a), the corresponding 2-cell is incident with only one 0-cell and no 1-cells.
Although only vertices of P Q with the same labels are identified in S Q , it is not necessarily the case that all vertices with the same labels are identified. The number of distinct vertices of S Q with the label q is denoted by Φ(q). It is clear that Φ is invariant under isomorphisms. Thus if ψ : Q 1 → Q 2 is an isomorphism of quasigroups, then Φ(ψ(q)) = Φ(q). The number
is then an invariant of the quasigroup Q. We see that Z Q is simply the number of vertices in the Norton-Stein complex of Q. The following result is then immediate.
Theorem 3.1. For a finite quasigroup Q, the Euler characteristic of S Q is
This leads us to the following theorem, proved by Norton and Stein [6] in the special case of idempotent quasigroups. Z Q ≡ n(n + 1)/2 mod 2.
Proof. We have Z Q ≡ 3n(n − 1)/2 + n 2 ≡ n(n − 1)/2 + n ≡ n(n + 1)/2 mod 2 by Theorem 3.1, since the Euler characteristic of the orientable surface S Q is even.
Remark 3.3. The formula (3.1) differs from that of [6, Th. II], because our definition of Z Q includes the vertices which are associated with the degenerate triangles  (a, a, a) .
As shown by the following corollary, even the seemingly miniscule information about the Norton-Stein complex provided by Theorem 3.2 can lead to powerful conclusions about the associated quasigroup. Proof. Suppose that Q had a transitive automorphism group. Then there would be a constant c such that Φ(q) = c for all q ∈ Q. Hence
However, if |Q| = 4k + 2 for some natural number k, Theorem 3.2 implies Z Q ≡ (2k + 1)(4k + 3) ≡ 1 mod 2. As mentioned in the introduction, there are three impossible cycle structures of automorphisms which had to be ruled out by exhaustive computer search in [2] : 2 3 , 6 1 4 1 , and 2 5 . All three of these cases are now forbidden by Corollary 3.6. However, the more elementary techniques of this section are not capable of eliminating such cycle structures as 4
3 (for quasigroups of order 12) or 4 5 (for quasigroups of order 20). Further progress requires the full generality of our main result, described in the next section. This entails a considerably deeper application of the Norton-Stein complex.
The main result
Given an automorphism ψ of a finite quasigroup Q, Theorem 2.3 yields a continuous automorphism ψ * of the Norton-Stein surface S Q . The group ψ * generated by ψ * then acts by permuting the connected components of the surface S Q . We may thus state the following lemma. l , the desired contradiction.
Proof of the lemma
In the proof of Lemma 4.1, we specialize techniques used by Nielsen in [5, §1- §4] . Let ψ be an automorphism of a finite quasigroup Q, and suppose that the disjoint cycle decomposition of ψ consists entirely of cycles of length 2 a . Further, suppose that W is a connected component of S Q which is invariant under ψ * . Set
